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Abstract 
Olga Taussky's pivotal role as a 'torch bearer' for matrix theory is well understood 
and well-appreciated, as is her role in number theory and in particular there her key con- 
tribution to the development of matrix-theoretic echniques in algebraic number theory. 
Her contributions in these subjects have been highlighted in numerous tributes to her. In 
my own case, I can strongly affirm the positive impact hat her work and her personal 
advice and interest has had in inspiring and encouraging my own research. However, in 
this note, I wish to draw attention to her contributions to other parts of algebra nd the 
influence that the results themselves and the questions he posed have had in these areas. 
A number of those results arose in connection with problems in linear algebra or number 
theory, but are of interest in more general terms. I would also like to put the results in the 
context of current research. Of necessity, I have had to make a short selection from her 
numerous papers and my choice inevitably is a subjective one. © 1998 Elsevier 
Science Inc. All rights reserved. 
1. Finite p-groups 
Since the research for my doctorate was mainly in the area of  finite group 
theory, one of  my first encounters with the name of  Olga Taussky was in 
connect ion with a very elegant and surprising result on finite 2-groups. To put 
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the result in context, I first recall some well-known concepts and results in finite 
group theory. 
Letp be a prime. A finite group G is a p-group if its order, ]G], is a power/¢ 
for some nonnegative integer k. The early development of the theory of finite p- 
groups is due to William Burnside and his work was extended by Philip Hall 
and many others. 
Let G be a finitep-group with ]G I > 1. A subset X of G is called an irredun- 
dant generating set for G i fX  generates G while no proper subset of X gener- 
ates G. Burnside proved that if X, Y are irredundant generating sets for G, then 
X, Y have the same cardinality, d(G) say. The number d(G) is called the min- 
imum number of generators of G. The Frattini subgroup ~b(G) of G is the in- 
tersection of all the maximal subgroups of G. (A subgroup M of G is maximal if 
M ¢ G but whenever H is any subgroup of G properly containing M, then 
H= G.) 
Burnside proved that IG/cb(G)[ =f ,  where d =d(G) ,  and that q~(G)= 
G'GO where G', the commutator subgroup of G, is the subgroup of G generated 
by all commutators x ly Jxy (x,y E G) and GO is the subgroup of G generated 
by all elements gP(g E G). 
In particular it follows that i fgP=l  for all gEG,  then G °={1} and 
4~(G)=G'. Forp=2,  the equation gP= 1 for all gEG implies that G is 
abelian and has the structure of a vector space over the field of two elements. 
For the casep = 3, see Huppert ([10], p. 290). However forp > 3, the structure 
of p-groups G with gP = 1 for all g E G is extremely complicated even in the 
case d(G) = 2. 
For example, when p = 5, it is not known whether a 2-generated group in 
which g5 = 1 for all g E G is necessarily finite, though Kostrikin [12] in the case 
r = 1 and Zel'manov [27] for a general positive integer , have shown that if G 
is a finite group generated by a finite number n of elements and ifg pr = 1 for all 
g E G, then G has order bounded by a function R(p, r, n). (This result enabled 
Zel'manov to solve the restricted Burnside problem.) 
It follows from the discussion just given, that if G is a finite p-group with 
IG/G'[ = p~, then for a general prime p, the structure of G can be exceedingly 
complicated. 
In the case p = 2, Olga observed that the situation is entirely different. She 
proved the following beautiful result. 
Theorem 1.1 ([21]). Let G be a finite nonabelian 2-group with ]G/G' I = 4. Then G 
has a cyclic subgroup of index 2. 
I first read this result in Huppert [10] (where it is III ( l l .9) p. 339) and when 
I first met Olga, I discussed it with her. She told me that she first presented the 
result at a conference in England at which Philip Hall was also a participant. 
She said that after her talk, Hall seemed very skeptical of the truth of the result 
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and referred to the complexity of the structure of finite p-groups and how easy 
mistakes occur in proofs. However, the following morning, Hall approached 
her with a smile on his face and said that he had good news for her - her result 
was indeed true! 
Olga used this result o obtain a group-theoretic proof of a number-theoretic 
result of Furtwfingler on class field towers. 
It follows from her result that a finite nonabelian 2-group G with ]GIG' I = 4 
is either a dihedral group, a quasihedral group or a generalized quaternion 
group (see Huppert [10], pp. 91-93) and that he number of involutions (that 
is, elements of order 2) in G satisfies t ~ 1 rood 4. An interesting converse of 
this has been found by Alperin, Feit and Thompson - if the number t of invo- 
lutions of a finite nonabelian 2-group G satisfies t = 1 mod 4, then ]GIG' I = 4 
(see Isaacs [11] (4.9)) (I am grateful to Rod Gow for this reference). 
Another consequence of Olga's theorem is that if G is a finite nonabelian 
2-group with exactly four distinct representations of degree one (over the com- 
plex numbers), then every irreducible representation f degree greater than one 
has degree 2 and that G is isomorphic to a group of 2 x 2 complex matrices. 
It is well-known that i fp is a prime and P is a finite p-group of order p", then 
P is nilpotent of class at most n - 1. P is said to have maximal class if its class is 
n - 1. Again, Olga's theorem shows if a finite 2 group G of order 2 n > 4 has 
maximal class, then G is dihedral, quasidihedral or generalized quaternion. 
For primes p > 2, the study of p-groups of maximal class has attracted consid- 
erable attention with major contributions by Philip Hall, Norman Blackburn 
and several others. See Huppert ([10] Kap. III) for details. 
Olga proved several other interesting results on finite p-groups and related 
groups. With her husband John Todd, in [22] she considers an interesting 
combinatorial question on covering sets for finite elementary abelian p-groups 
which attracted considerable interest and which nowadays would be consid- 
ered as a result in additive number theory. With her student Ernest Best, 
in [1], she determined the structure of finite p-groups in which normality is 
transitive (that is, a normal subgroup of a normal subgroup is a normal sub- 
group). This paper attracted great interest and extensions of the results to 
other groups were obtained by Zacher, Gaschiitz, Medvedeva and several 
other authors. Again Huppert's book [10] contains a number of related 
results. 
2. L-groups 
The L property first studied by Motzkin and Taussky is well-known to 
matrix theorists. In this section, I wish to draw attention to some aspects of 
their work and of subsequent work in the area which is of independent interest. 
In 1952, they proved the following result. 
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Theorem 2.1 ([14]). Let G be a finite group which has a faithful complex 
representath~n F such that every pair of  matrices #t F(G) has the L-property. 
Then G is abelian. 
By Maschke's theorem, very complex representation f a finite group is the 
direct sum of irreducible representations, so if the elements of G are simulta- 
neously triangularizable, they are in fact simultaneously diagonalizable. Over 
algebraically closed fields of finite characteristic dividing ]G], this can fail, so 
a natural question is whether the theorem can be extended to such fields with 
"G is abelian" replaced by "the elements of F(G) are simultaneously triangu- 
larizable and G is solvable". 
Also, while the finiteness of G is useful in the proof, it is reasonable to ask if 
the modified result holds without his condition. Those questions were indeed 
raised by Motzkin and Taussky and their resolution has led to several interest- 
ing results and techniques. Wales and Zassenhaus [24] removed the finiteness 
requirement on G in the theorem (with 'G abelian' replaced by 'the elements 
of G are simultaneously triangularizable'). Their proof is based on a very clever 
technique. Suppose that X is a finite set of n x n complex matrices and R is the 
ring generated by their entries. Then the entries in the semigroup S generated 
by X lie in the ring Mn (R) of n × n matrices over R. Let K be a maximal ideal of 
R. Then R/K  is a field which is finitely generated as a ring. By a theorem of 
Mal'cev, R/K  is a finite field. In this way, one can reduce certain questions 
about S to questions on finite semigroups or finite groups. This technique 
has wide applicability. 
Zassenhaus [26] extended the result to simultaneous triangularizability of 
L-semigroups with certain exceptions for small fields. Later, Guralnick and Taus- 
sky [5] extended the result o L-algebras, the proof again containing interesting 
representation theory techniques. Guralnick [6] in turn analysed the failure of 
L-sets to be simultaneously triangularizable and using further commutative 
ring theory techniques, refined the Zassenhaus results. The discussion of finite 
groups G with a faithful representation F such that for all g, h E G the eigen- 
values of F(gh) are obtained by multiplying the eigenvalues of F(g), F(h) is 
also contained in the original paper of Motzkin and Taussky [14] and their 
results are extended in the papers cited. 
3. Algebraic-geometric results 
In their study of the L-property, Motzkin and Taussky [15,16], prove the 
following remarkable r sults. 
Theorem 3.1. I f  A, B are n × n complex matrices such that xA + yB is 
diagonal&able for all x, y, then AB = BA. 
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Theorem 3.2. The variety 
{(A,B) E M,(C) x M.(C)IAB = BA} 
of commuting pairs of matrices is irreducible. 
The proofs use a very skilful analysis of the characteristic polynomial 
det (xA + yB + zI) of the pencil xA + yB using geometrical methods. The study 
of matrix varieties occurs in many geometrical contexts and their techniques 
are of general interest in this study. Since Theorem 3.2 holds, one can use a 
"generic point" argument to show that if P, Q are commuting n x n matrices 
then the dimension f the algebra generated by P and Q is at most n. Theorem 
3.2 was also proved by Gerstenhaber [4] and the above consequence drawn. 
The question of the maximum dimension of a k-generated commutative subal- 
gebra of M,(C) has attracted considerable interest as has the minimum dimen- 
sion of maximal commutative subalgebras ofMn(C). It follows from Theorem 
3.2 that every 2-generated commutative subalgebra which is maximal has di- 
mension . As far as I am aware, it is not known whether every 3-generated 
commutative subalgebra of M,(C) has dimension at most n. Guralnick [7] 
has shown that for n large, the variety 
{(A,B, C) E M,(C) x M,(C) x M,(C)IAB = BA,BC -= CB, CA = AC} 
of commuting triples is not irreducible, so the argument above, and its exten- 
sion to general fields, fails. Again these results have interest in the general study 
of algebras. Gustafson [8,9] gives connections between them and length ques- 
tions on faithful modules and I point out in [13] how the sizes of maximal abel- 
ian p-subgroups of the general inear group GL(n,q) over finite fields of 
characteristic p are related to them. In turn, questions on the sizes of maximal 
abelian subgroups of general finite p-groups are often approached by reduction 
to subgroups of GL(n, q). 
The study of linear mappings on matrix rings which preserve certain invari- 
ants has been an active area of study in linear algebra nd geometry for more 
than forty years. See the special issue [20] fordetails. Omladi6 and Semrl [11] 
have cleverly used the result of Theorem 3.1 to characterize those linear map- 
pings preserving diagonalizability. 
The problem of finding new proofs of and extensions of Theorem 3.1 has 
also attracted interest. In particular, Friedland [3] found a very interesting 
proof using complex analysis. 
4. Trace forms 
In Phil Hanlon's article in this journal, he comments on Olga's remarkable 
mathematical instincts and her ability to expose interesting facts which her 
56 T.J. Laffey / Linear Algebra and its Applications 280 (1998) 51~7 
intuition told her might have great significance. I conclude this short article 
with one other example of this. 
Olga had a special interest in the fact that every matrix A over a field is sim- 
ilar to its transpose and that the matrix S carrying out the similarity can always 
be chosen to be symmetric, and that, if A is nonderogatory, it is indeed forced 
to be symmetric. 
She studied the structure of such an S, particularly in the case that A is an 
integer matrix, both as a solution of the linear system AS = SA ~ and in algebra- 
ic-geometric and number-theoretic erms. Suppose that A is an n × n integer 
matrix with irreducible characteristic polynomial f (x ) ,  and that S has integer 
entries. She showed [23] that if ~ is an eigenvalue of A with corresponding 
eigenvector (v i , . . . ,  vn) having entries in Q(:~), then there exists an element 2 
in Q(~) such that S = (trace(2vivj)) where trace is the usual trace Yr~(~)_Q. 
Given a field F, a finite extension K of F and a nonzero element/~ of K, we 
can consider the quadratic form Trx~g(p.X 2) (X E K). This is called a scaled 
trace form (the trace form if # = 1) on F. In the case F = Q, K = Q(~), this 
form generalizes the one determined by S above. 
In their book [2] Conner and Perlis study such trace forms where F is a num- 
ber field. Olga's work shows that all such forms have nonnegative signatures at 
real places and conversely, Conner and Perlis prove that over Q, every qua- 
dratic form with nonnegative signature is in the same Witt class as some trace 
form. Waterhouse [25] extended this to show that every nondegenerate qua- 
dratic form over an algebraic number field is isometric to a scaled trace form, 
obtaining in the process a new proof of Olga's result quoted above. Serre [18] 
analysed the so-called Witt invariant associated with trace forms and its ana- 
logue for scaled trace forms, and observed a connection with the inverse prob- 
lem in Galois theory, which is currently one of the central areas of research in 
algebra and arithmetic geometry. Mestr6 used Serre's observation in his cele- 
brated proof that certain double covers An of the alternating roups A,, are re- 
alizable as Galois groups over the rational function field Q(t) (see [19] for a 
discussion of this topic). 
So, once more, Olga's idea that interpreting symmetrizers in terms of trace 
forms was an interesting thing to do, turned out to have been remarkably in- 
sightful. 
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